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Galerkin ( ) .
, apriori ,
. 2: $\text{ }\dot{\text{ } }$ , $\dot{\text{ }_{}\overline{\mathrm{f}\mathrm{i}}^{\backslash }}\text{ }$





find. $\exists u\in V$ $s.t$ .
$a(u, v)=(f(u), v)$ , $\forall v\in V$, (1)
$\vee\cdot$ ,
$V,$ $H$ $V\subset H$ , $a(\cdot, \cdot)$ $V\cross V$ 1 . ,
$f$ : $Varrow H$ , $(\cdot, \cdot)$ $H$ .
(1 $V$ $F$ ([1]).
$u=Fu$ (2)
, Schauder , $U\subset V$ ,
$FU\subset U$ (3)
U ( ) . , F –
, $U$ $FU$
. , Ritz-Galerkin , (3)
.
, $a(\cdot, \cdot)$ :
$f$ $g\in H$
$a(\phi, \cdot U)=(g,$ $v\mathrm{I},$ $\forall v\in V$ (4)
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$\phi\in V$ , $g\mapsto\phi$ $\phi=Bg$ .
}c $F$ $F(u)–Bf(u)$ . $B$ $\phi$ ,
$g=A\phi$ .
$V_{h}$ $V$ $h$ $(0<h. < 1)$ ,
projection $P_{h}$ : $Varrow V_{h}$
$a(u-P_{h}u, v_{h})=0$ , $\forall v_{h}\in V_{h}$ (5)
. projection (4) $P_{h}\phi$ ,
$a(P_{h}\phi, \cdot Uh)=(g, vh)$ , $\forall.vh\in V_{h}$ (6)
.
, $\phi$ $P_{h}\phi$ , :
$||\emptyset-P_{h\phi 1}|_{V}$ $\leq$ $C(h)||g||_{H}$ (7)
. , $C(h)$ $harrow \mathrm{O}$ $C(h)arrow \mathrm{O}$
.
– , $U\subset V$ ,
$P_{h}(FU)$ : ( )
, , : $(I-P_{h})FU$ :






, U ( ) .
(9) U ( ) .
3. $C(h)$












, $H$ projection $P_{0}$
$(P_{0g,v_{h}})=(g, v_{h})$ , $\forall v_{h}\in V_{h}$ (11)
. $P_{0}$ , , $g\in H$ \theta
:
$||P_{0g}||H$ $\leq$ $||g||_{H}\sin\theta$ , (12)
$||g-P0g||H$ $\leq$ $||g||_{H}\cos\theta$ . (13)
, $P_{h}.\phi$ (6) , $V_{h}$ $B_{h}$ ,






$C(h)$ $=$ $C_{1}(h)^{\sqrt{1+\Lambda^{2}}}$ (15)
. A , :
$\Lambda^{2}$
$=$ $g \in H\mathrm{s}\mathrm{u}1)\frac{||(I-AB_{h})P0\prime J||_{H}2}{||P_{0g1}|_{H}^{\mathit{2}}}$ (16)
$(AB_{h}P0g, P0g)$ $=$ $a(P_{h}.\emptyset, P_{0g})$
$=$ $||P_{0g1}|_{H}^{2}$
,





, $Q$ , $L$ .
4. :Stokes
4.1 Stokes
$\Omega$ $\bm{\mathrm{R}}^{2}$ , Stokes :
$\{$
$-\nu\Delta u+\nabla p=f$ in $\Omega$ ,
$\mathrm{d}\mathrm{i}\mathrm{v}u=0$ in $\Omega$ ,
$u=0$ on $\partial\Omega$ .
(19)
, $u(x,$ $y\rangle$ $=(u_{1}(x, y),$ $u2(X, y))^{\tau}$ $f(x, y)=(f1(x, y),$ $f2(x, y))^{T}\in[L^{2}(\Omega)]^{2}$
$(x, y)\in\Omega$ , 2
($T$ ). $p(x, y)$ $(x, y)\in\Omega$ . $\nu$





$\Omega$ $L^{2_{-}}$ , $||$ . $||0$ $L^{2}$-nnorm, $|$ . $|_{1}$ $H_{0}^{1}$ -seminorm (
$\models \mathrm{h}=11^{\nabla v}||0)$ . (19) , weak formulation :
fin. $\cdot$.d $[u,p]\in[H_{0}^{1}(\Omega)12\cross L_{0}^{2}(\Omega)$ such that
.
$(\nabla u, \nabla v)-(p, \mathrm{d}\mathrm{i}_{\mathrm{V}v})=(f, v)$ , $\forall v\in[H_{0}^{1}(\Omega)12$ , . $\cdot$ . (20)
$(q, \mathrm{d}\mathrm{i}\mathrm{v}u)=0$ , $\forall q\in L_{0}^{2}(\Omega)$ .
, (20) inf-sup condition – .
$\inf_{q\in L^{2}0(\Omega)v\in_{1^{H_{0}}}]^{2}}\sup_{1(\Omega)}\frac{(\mathrm{d}\mathrm{i}\mathrm{v}v,q)}{|v|_{1}||q||_{0}}\geq\beta$. (21)
$\beta$ , (cf. [2, 5]).
[4] inf-sup condition
.
, [4] $V$ .
$V \equiv\{(\frac{\partial\psi}{\partial y}, -\frac{\partial\psi}{\partial x})\tau;\psi\in H^{2}0(\Omega)\}$ (22)
,
$H_{0}^{2}(\Omega)\equiv$ { $\psi\in H2(\Omega);\psi|_{\partial\Omega}=0$ and $\frac{\partial\psi}{\partial \mathrm{n}}|_{\partial\Omega}=0$ },
$\underline{\partial\psi}$
, $\psi$ $\partial\Omega$ .
$\partial \mathrm{n}$
$V$ , $V\subset 1^{H_{0}^{1}}(\Omega)1^{2}$ $V$ $v$ $\mathrm{d}\mathrm{i}\mathrm{v}v=0$
(divergence-free) .
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$V$ $V_{h}$ . $H_{0}^{2}(\Omega)$
$S_{h}(\subset H_{0}^{2}(\Omega)\cap C^{2}(\overline{\Omega}))$ , .
$V_{h} \equiv\{(\frac{\partial\psi_{h}}{\partial y}, -\frac{\partial\psi_{h}}{\partial x})\tau\psi_{h};\in Sh\}$ (23)
$V,$ $V_{h}$ $S_{h}\subset H_{0}^{2}(\Omega)$ , $V_{h}\subset V$ . $V_{h}$
$v_{h}$ $\mathrm{d}\mathrm{i}\mathrm{v}v_{h}=0$ .
(20) , $H_{0}^{1}(\Omega)$ $V$ , $V$
divergence-free , (20)
:
find $u\in V$ such that
(24)
(Vu, $\nabla v$ ) $=(f, v)$ $\forall v\in V$.
:
find $u_{h}\in V_{h}$ such that
(25)
$(\mathrm{v}_{u_{h}}, \nabla vh)=(f, vh)$ $\forall v_{h}\in V_{h}$ .
(24), (25) $u_{h}\in V_{h}$ $u\in V$ $H_{0^{-\mathrm{P}^{\mathrm{r}}}}^{1}\mathrm{o}\mathrm{j}\mathrm{e}\mathrm{C}\mathrm{t}\mathrm{i}_{0}\mathrm{n}$
.





. $\cdot$ (24) , (4) . 2 3
, , Navie-Stokes
. $-\wedge$
$C^{t}(h)$ , (19) $f\in[L^{2}(\Omega)1^{2}$
, :
$||\nabla(u-uh)||_{0}$ $\leq$ $C(h)||f||_{0}$ , (27)
3 , $C(h)$ ,
:
$||\nabla(n-u_{h})||0-\leq$ $C_{1}(h)||f+\Delta u_{h}||0$ (28)
3 $A$ \Delta , $-\Delta u\in[H^{-1}(\Omega)]^{2}$
$<-\triangle u,$ $v>$ $=$ $(f, \cdot \mathit{0})$ $\forall\cdot \mathit{0}\in V$ (29)
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$\Delta u=f$ ( $<.,$ $\cdot>$ $[H_{0}^{1}(\Omega)12$ ), ,
$S_{h}$ $C^{2}$ , $\Delta u_{h}\in[L^{2}(\Omega)]^{2}$ .
, $C_{1}(h)$ ,
:
$||\nabla(\phi-P_{h}\emptyset)||0\leq C_{1}(h)||\Delta\emptyset||0$ $\forall\phi\in H_{0}^{2}(\Omega)$ . (30)
$H_{0}^{1}(\Omega)$ $S_{h}$ $H_{0}^{1}(\Omega)$-projection . , $\phi\in H_{0}^{1}(\Omega)$
$P_{h}\phi\in S_{h}$ .
$(\nabla(\phi-P_{h}\emptyset), \nabla\phi h)=0$ , $\forall\phi_{h}\in S_{h}$ . (31)




$||f+\Delta u_{h}||0\leq \mathrm{A}_{1}’||f||0$ , $\forall f\in[L^{22}(\Omega)1$ (32)
$I\iota_{1}’$ . 3 $\sqrt{1+\Lambda^{2}}$ . $\mathrm{A}_{1}’$
$C_{1}(h)$ :
Theorem 1 (24) $u$ , (25) $u_{h}$ , apriori
.
$||\nabla(u-uh)\mathrm{f}|0$ $\leq$ $\mathrm{A}’$ .${}_{1}C_{1}(h)||f||_{0}$ . (33)
43 $I\iota_{1}’$
, $\mathrm{A}_{1}’$ . $f=(f1, f_{2})^{T}\in[L^{2}(\Omega)]^{2}$ ,
$P_{0}f=(P\mathrm{o}f1, P\mathrm{o}f2)^{T}\in V_{h}$ $L^{2}$-projection .
$(P_{0f,v_{h}})=(f, v_{h})$ , $\forall v_{h}\in V_{h}$ . (34)
, .
Lemma 1 $f$ $\mathrm{A}_{1}’$ .
$||\Delta u_{h}||_{0}\leq \mathrm{A}_{1}’||P\mathrm{o}f||0$ , $\forall f\in[L^{2}(\Omega)]^{2}$ . (35)
.
$||f+\Delta u_{h}||_{0}\leq \mathrm{A}_{1}’||f||0$ , $\forall f\in[L^{2}(\Omega)]^{2}$ .
3 $1+\Lambda^{2}$ .
, (35) $\mathrm{A}_{1}’$ . , $\Omega$ $(0,1)\cross$
$(0,1)$ . $\Omega$ . $x,$ $y$
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$N$ , parameter $h$ $h=1/N$ . $I=[0,1]$ $I$ $N$
, $I$ cubic spline $S_{h}(I)$ :
$S_{h}(I)\equiv$ { $s_{h}(x)\in C^{2}(I)$ : cubic spline ; $s_{h}(0)=s_{h}(1)=0’,s_{h}’(0)=s_{h}’(1)=0$}. (36)
$S_{h}(I)$ $H_{0}^{2}(\Omega)$ $S_{h}(\subset H_{0}^{2}(\Omega))$ , cubic spline
.
$S_{h}\equiv S_{h(}I_{x})\otimes^{s_{h(}}I_{y})\subset H^{2}0(\Omega)$. (37)
$I_{x}$ , $I_{y}$ , $x,$ $y$ $[0,1]$ .
$S_{h}$ $r\iota$ , $S_{h}$ $\{\psi_{j}\}_{1\leq j\leq n}$
. , $\{\phi_{j}\}_{1\leq j}\leq’?$. $V_{h}$ .
$\phi_{j}=(\frac{\partial\psi_{j}}{\partial y}, -\frac{\partial\psi_{j}}{\partial.\iota}.. )T$ , $1\leq j\leq 7\}$
$\{a_{j}\}_{1\leq j\leq n}$ , $u_{h}\in V_{h}$
$u_{h}= \sum_{i=1}ai\phi i$ .
– . (25)
$\sum_{i=1}a_{i}(\nabla\phi i, \nabla\phi j)=(f, \phi_{j})$
, $1\leq j\leq n$ . (38
$\{a_{j}\}$ .
(38) , $n$ :
a $=$ $(a_{1}, a_{2}, \ldots, a_{n})^{T}$ ,
$\mathrm{f}$ $=$ $((f, \phi_{1}),$ $(f, \phi 2),$ $\ldots,$
$(f, \phi_{n}))^{T}$ .
, $7i_{\ovalbox{\tt\small REJECT}}\cross n$ :
$(L)_{?j}$. $=$ $(\phi_{i}, \phi_{j})_{\iota},\cross \mathcal{R}$
’




, . $\{\phi_{j}\}_{1\leq j}\leq 7$’
, $L,$ $D$ , .
, (35) $L^{2}$-norm $||P\mathrm{o}f||0,$ $||\Delta u_{h}.||_{0}$ 2
$\mathrm{A}_{1}’$ .






$( \sup_{\mathrm{x}\in \mathrm{R}^{\mathfrak{n}}}\frac{\mathrm{x}^{\tau}D^{-1}ED^{-}1_{\mathrm{X}}}{\mathrm{x}^{T}L^{-}1_{\mathrm{X}}})^{\frac{1}{2}}$ , (39)
(39) , – .
$Ax=\lambda Bx$ .




$\phi\in H\frac{.)}{\cup}(\Omega)$ $P_{l_{1}}.\psi\in S_{l\iota}$. , $\sqrt{J}$
$I\iota_{2}^{-}$‘ .
$||\Delta(\phi-P\prime l\phi)||0\leq I^{\vee}12||\Delta\phi||0$. (40)
.
Lemma 3(40) $\mathrm{A}_{2}’$ , $C_{1}(h)= \frac{\sqrt{2I\mathrm{t}_{2}^{r}}}{\pi}h$ ,
(30) .
$S_{h}$ , .
$Ii_{2}^{\vee}$ , $-\Delta\phi=g$ , $\phi$ $g$ $\mathrm{A}_{1}’$ $u$ $f$
.
5. $\mathrm{A}_{2}’$







1: $Ii_{2}’$ $C_{1}(h)$ ( )
, $Ii_{2}$’ $h$ $C_{1}(h)$
order $(O(l_{l}’))$ . $Ii_{2}^{r}$ , order




Lemma 4 $\Omega$ $\mathcal{H}(\Omega)$ .
$\mathcal{H}(\Omega)\equiv$ { $\eta\in H^{2}(\Omega);\Delta\eta=0$ on $\Omega$ }.
$g\in L^{2}(\Omega)$ , :
$\{$
$-\Delta\phi$ $=$ $g$ in $\Omega$
$\phi$ $=$ $0$ on $\partial\Omega$
(41)
, (41) $\phi$ $H_{0}^{2}(\Omega)$ , $g$ $\mathcal{H}(\Omega)$ $L^{2}$
. .
$\emptyset\in H_{0}^{\angle}(\Omega)\Leftrightarrow\forall\eta\in \mathcal{H}(\Omega),$ $(g, \eta)=0$ . $\cdot$ ’ (42)
. $I\iota_{2}’$ $\phi\in H_{0}^{2}(\Omega)$ $g_{-}.=-\Delta\phi$ ,
.




, $g$ $\mathcal{H}(\Omega)$ projection
.
$\mathcal{H}(\Omega)$ , $\gamma$ $\mathcal{H}^{r}$ .
$L^{2}(\Omega)$ $\overline{S}_{h}$ $\overline{S}_{h}=S_{h}+\mathcal{H}^{r}$ . $\overline{S}_{h}$ $L^{2}(\Omega)$ $S_{h}$
$\mathcal{H}^{r}$ . $v\in S_{h^{\cap}}\mathcal{H}^{r}$
$||\nabla v||0^{2}=(\nabla v, \nabla v)=-(\Delta v, v)=0$ ,
, $v\in S_{h}\subset H_{0}^{1}(\Omega)$ $v=0$. $S_{h}\cap \mathcal{H}\Gamma=\{0\}$ , $\overline{S}_{h}=S_{h}\oplus \mathcal{H}^{r}$
.
$g^{*}$ $g$
$\overline{S}_{h}$ $L^{2}$-projection . $\overline{S}_{h}=S_{h}\oplus \mathcal{H}^{r}$ $g^{*}$
$\overline{S}_{h}$ .
$\{$
$(g^{*}, \psi_{h})=(g, \psi h)$ $\forall\psi_{h}\in S_{h}$ ,
$(g^{*}, \eta_{h})=(g, \eta_{h})$ $(=. 0)$ $\forall’|h\in\dot{\mathcal{H}}^{r}$ . (43)




$z=x+iy$ $z^{k}$ z $x,$ $y$
. $r=2k+1$ , $\mathcal{H}^{r}$ .





2 , $\{\eta_{i}\}_{1\leq i}\leq r$ , $1\leq r\leq 17(0\leq k\leq 8)$




2 , $\mathcal{H}^{r}$ , $I\iota_{2}^{\overline{-}}$ , order
. , $\mathcal{H}^{r}$ Taylor
, $g^{*}$ $\mathcal{H}(\mathrm{f}\})$ ,
.
, $\mathrm{A}_{2}’$ $(_{J}^{\gamma}1(h)$ , $\mathrm{A}_{1}’,$ $C(h)=\mathrm{A}’{}_{1}C_{1}(h)$
3 .
3: $I1^{\vee}\mathit{2},$ $C’1(h,),$ $I^{-}\iota\iota,$ $c^{l}(T\mathrm{I},)$
$I_{1^{-}}\mathrm{l}$ (32) , –
. $N$ , –
.
$I\iota_{2}’$‘ (40) ,
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